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The Research Problems section presents unsolved problems in discrete mathematics. In special issues, these typically
are problems collected by the guest editors. In regular issues, they generally consist of problems submitted on an
individual basis.
Older problems are acceptable if they are not widely known and the exposition features a new partial result. Concise
deﬁnitions and commentary (such as motivation or known partial results) should be provided to make the problems
accessible and interesting to a broad cross-section of the readership. Problems are solicited from all readers. Ideally,
they should be presented in the style below, occupy at most one journal page, and be sent to Douglas B. West.
Most of the problems in this issuewere presented at the problem session of the 20thBritish Combinatorial Conference
at the University of Durham, 10–15 July 2005. Some submitted after the session were added. Problem BCC20.11 on
the parity of the numbers of complete bipartite and tripartite subgraphs of a graph, posed by Ron Shaw, has been solved
by Balazs Montagh and has been withdrawn from the list: see Shaw’s paper in this volume for further details. Two other
problems were removed for editorial reasons. Progress on other problems is reported in editorial notes. The problems
were collected by Peter J. Cameron.
Comments and questions of a technical nature about a particular problem should be sent to the correspondent for
that problem. Other comments and information about partial or full solutions should be sent to Professor Cameron (for
potential later updates).
PROBLEM 910. (BCC20.2) A more general “cycle-plus-triangles” problem
Lars-Daniel Öhman
Institutionen för matematik och matematisk statistik, Umea˚ Universitet, 901 87 Umea˚, Sweden
E-mail:lars-daniel.ohman@math.umu.se
The famous “cycle-plus-triangles” problem was posed by Erdo˝s and resolved positively by Fleischner and Stiebitz
[1], see [2]. In that problem, a cycle of length 3m is augmented by m disjoint triangles on the same vertex set. The
theorem is that the chromatic number of the resulting graph is 3 (in fact, Fleischner and Stiebitz proved the stronger
result that the graph is 3-choosable). Here we pose a generalization of this Erdo˝s question.
Question. Let G be an n-vertex graph that decomposes into a spanning cycle plus some vertex-disjoint triangles and
edges. Is it always true that G has chromatic number 3 if n is not congruent to 1mod 3?
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Comment. The restriction on n is necessary. Otherwise, there are counterexamples with exactly two single-edge
subgraphs in the decomposition: the simplest is the complete graph on 4 vertices, and Sachs found a counterexample
on 7 vertices (see [2]). Indeed, counterexamples exist for all n congruent to 1mod 3. On the other hand, if there are
no triangles in the decomposition, then the maximum degree is 3, and the answer follows immediately from Brooks’
theorem. The problem is to determine what happens between these extremal cases, and the conjecture is that the
chromatic number never rises above 3.
When there is only one loose edge, Häggkvist and Johansson (personal communication) proved that the answer is
positive, using the same method as Fleischner and Stiebitz. For graphs on at most 12 vertices, the proposer has veriﬁed
the conjecture using exhaustive search by computer.
References
[1] H. Fleischner, M. Stiebitz, A solution to a colouring problem of P. Erdo˝s, Discrete Math. 101 (1992) 39–48.
[2] H. Fleischner, M. Stiebitz, Some remarks on the cycle plus triangles problem, in: R.L. Graham, J. Nešetrˇil (Eds.),
The Mathematics of Paul Erdo˝s II, Algorithms and Combinatorics, vol. 14, Springer, Berlin, 1997, pp. 136–142.
PROBLEM 911. (BCC20.3) Choosability with separation
R.J. Waters
School of Math. Sci., University of Nottingham, University Park, Nottingham, UK
E-mail:www.rob@aquae.org.uk
Let G = (V ,E) be a graph. A k-list assignment for G consists of a list L(v) ⊆ Z of size k, for each v ∈ V . The
choosability ch(G) of G is the smallest k such that, for any k-list assignment, a proper colouring c : V → Z can be
found with c(v) ∈ L(v) for v ∈ V .
The choosability with separation s of G, denoted chs(G), is the smallest k such that, for any k-list assignment, a
colouring c can be found with c(v) ∈ L(v) for v ∈ V , and |c(v) − c(w)|s for vw ∈ E; hence ch1(G) = ch(G).
Problem. For s2, ﬁnd an upper bound for chs(G) in terms of ch(G).
Conjecture. For all s2 and every graph G, chs(G)(2s − 1)(ch(G) − 1) + 1.
Comment. The best general upper bound known to the proposer is superexponential, based on a probabilistic result
of Alon [1] which relates ch(G) to the average degree of G. However, the correct bound surely ought to be linear. The
conjectured value is attained, for any s2 and ch(G) = k2, by the complete bipartite graph G = Kk−1,m, if m is
sufﬁciently large.
The conjecture has been proved for graphs with ch(G) = 2, using the structural description of such graphs in [2].
This proof method is unlikely to work in general since, for k3, no structural characterisation of graphs G with
ch(G)k is known (and it is unlikely that any useful characterisation exists). The conjecture and some related results
appear in [3].
References
[1] N. Alon, Degrees and choice numbers, Random Struct. Algorithms 16 (2000) 364–368.
[2] P. Erdo˝s, A.L. Rubin, H. Taylor, Choosability in graphs, Congr. Numer. 26 (1979) 125–157.
[3] R.J. Waters, Some new bounds on Tr -choosability, Discrete Math., submitted for publication. Preprint at
〈http://www.aquae.org.uk/research/〉.
PROBLEM 912. (BCC20.4) Arc-dominated digraphs
Nicolas Lichiardopol
Dep. Math., Université Aix-Marseille II, Marseille, France
E-mail:lichiar@club-internet.fr
P.J. Cameron and D.B. West /Discrete Mathematics 308 (2008) 621–630 623
A digraphD of minimum out-degree d is d-arc-dominated if for every arc there is one vertex of degree d dominating
its endpoints. That is, for all xy ∈ E(D), there exists z ∈ V (D) with out-degree d such that zx, zy ∈ E(D). We
consider only digraphs that are oriented graphs, meaning orientations of simple graphs.
A conjecture attributed to Bermond and Thomassen [1, p. 555] states that, for any k1, a digraph of minimum
out-degree at least 2k − 1 contains k (vertex)-disjoint directed cycles.
Problem 1. Characterize the d-arc-dominated oriented graphs.
Conjecture 2. The Bermond–Thomassen Conjecture holds for d-arc-dominated digraphs. That is, if d2k − 1 and D
is a d-arc-dominated digraph, then D contains k disjoint cycles.
Comment.Aconjecture in the preliminary version of these problems, asserting that any arc-dominated digraph contains
a directed triangle, has been refuted by Stéphan Thomassé.
Reference
[1] J. Bang-Jensen, G. Gutin, Digraphs: Theory, Algorithms and Applications, Springer, London, 2002.
PROBLEM 913. (BCC20.5) Mediated digraphs
G. Gutin
Department of Computer Science, Royal Holloway, University of London, Egham, Surrey TW20 0EX, UK
E-mail:gutin@cs.rhul.ac.uk
A digraph D is mediated if every two nonadjacent vertices x and y have a common successor (a vertex z such that
xz, yz ∈ E(D)). Tournaments and symmetric digraphs of diameter 2 (we allow 2-cycles) are mediated. Mediated
digraphs are models of quantum nonlocality in quantum mechanics; this connection is discussed in [1].
Let −(D) = max{d−(x): x ∈ V (D)}, and let (n) be the minimum of −(D) over mediated digraphs with n
vertices. The ﬁgure below shows that (6)2. For n4, it is easy to show that (n)> 1. The value of (n) is of
interest in the quantum mechanical context.
Question 1. Is it true that (n + 1)(n) for all n?
Conjecture 2. There is a constant c such that (n)f (n) + c, where f (n) = ⌈ 12 (√4n − 3 − 1)⌉.
Comment. It is known that (n)f (n)+ 1 for n133. In general, f (n)(n)f (n)(1+ o(1)) (see [1]). The lower
bound comes from an easy counting argument. Equality holds when n= q2 + q + 1 if and only if there is a projective
plane of order q.
Reference
[1] G. Gutin, N. Jones, A. Raﬁey, S. Severini, A. Yeo, Mediated digraphs and quantum nonlocality, Discrete Appl.
Math. 150 (2005) 41–50.
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PROBLEM 914. (BCC20.6) Separability of the combinatorial Laplacian
Simone Severini
Department of Mathematics & Department of Computer Science, University of York, Heslington, York YO10 5DD,
UK
E-mail:ss54@york.ac.uk
For a graph G, the (unit trace) combinatorial Laplacian L(G) is the matrix deﬁned by
L(G) = 1
tr(D(G))
(D(G) − A(G)),
where A(G) is the adjacency matrix, D(G) is the diagonal matrix of vertex degrees, and tr(D(G)) is degree-sum (the
trace of D(G)).
When the number of vertices factors as p times q, we view the vertices of G as the ordered pairs (i, j) such that
1 ip and 1jq. The partial transpose of G with respect to this labelling, denoted by G, is the graph deﬁned
as follows: V (G) = V (G), and the unordered pair {(i, j), (k, l)} is an edge of G if and only if {(i, l), (k, j)} is an
edge of G.
A density matrix is an Hermitian, positive-semideﬁnite, unit trace matrix. For example, L(G) is a density matrix.
The matrix L(G) is separable with respect to p and q if there exist p × p density matrices M1, . . . ,Mk and q × q
density matrices N1, . . . , Nk (not necessarily distinct) such that
L(G) =
k∑
i=1
iMi ⊗ Ni ,
where i ∈ (0, 1] and∑ki=1i = 1.
Conjecture. If G is a simple graph with pq vertices, then L(G) is separable with respect to p and q if and only if
(G) = (G).
Comment. This conjecture is interesting in the context of quantum information theory (see [1,2,3]).
References
[1] S.L. Braunstein, S. Ghosh, S. Severini, The Laplacian of a graph as a densitymatrix: a basic combinatorial approach
to separability of mixed states, Ann. Comb. 10(3) (2006) 291–317.
[2] S.L. Braunstein, S. Ghosh, T. Mansour, R. Wilson, S. Severini, Some families of density matrices for which
separability is easily tested, Phys. Rev. A 73(1) (2006) 012320.
[3] C.W. Wu, Conditions for separability in generalized Laplacian matrices and nonnegative matrices as density
matrices, Phys. Lett. A 251 (2006) 18–22.
PROBLEM 915. (BCC20.7) Hamiltonicity and orthogonality
Simone Severini
Department of Mathematics & Department of Computer Science, University of York, Heslington, York YO10 5DD,
UK
E-mail:ss54@york.ac.uk
An n-vertex digraph D supports the n × n complex matrix M provided that (i, j) ∈ E(D) if and only if Mi,j 	= 0.
An n × n complex matrix U is unitary if U−1 = U†, where U† denotes the adjoint of U .
P.J. Cameron and D.B. West /Discrete Mathematics 308 (2008) 621–630 625
Conjecture. If a digraph D supports a unitary matrix, then each component of D has a spanning cycle.
Comment. Undirected graphs are naturally included in the conjecture.
Reference
[1] G. Gutin, A. Raﬁey, S. Severini, A. Yeo, Hamilton cycles in digraphs of unitary matrices. Discrete math. 306(24)
(2006) 3315–3320.
PROBLEM 916. (BCC20.8) Positive and negative eigenvalues
A. Torgašev (communicated by Peter J. Cameron, correspondent)
School of Math. Sci., Queen Mary, University of London, London E1 4NS, UK
E-mail:p.j.cameron@qmul.ac.uk
Let s and t be the numbers of positive and negative eigenvalues of the adjacency matrix of a graph. Torgašev [2] (see
also [1]) proved that s is bounded when t is ﬁxed.
Question. What is the best bound on s as a function of t? In particular, is there a polynomial (or even a quadratic)
bound?
References
[1] S.Akbari, P.J. Cameron,G.B.Khosrovshahi, Ranks and signatures of adjacencymatrices, submitted for publication.
[2] A. Torgašev, On the numbers of positive and negative eigenvalues of a graph, Publ. Inst. Math. (Beograd) (N.S.)
51(65) (1992) 25–28.
PROBLEM 917. (BCC20.9) Parity of clique numbers of Paley graphs
J.B. Shearer, E. Maistrelli, D.B. Penman (correspondent)
Department of Math. Sci., University of Essex, Wivenhoe Park, Colchester, Essex CO4 3SQ, UK
E-mail:dbpenman@essex.ac.uk
Let q be a prime power congruent to 1mod 4. The Paley graph Pq is deﬁned as follows: V (G) is the ﬁnite ﬁeld Fq ,
and xy ∈ E(G) if and only if x − y is a nonzero square in Fq .
Shearer [2] computed the clique numbers (Pp) for prime p with p7000. He found that about four-ﬁfths of them
are odd.
Problem. Explain this observation!
Comment. The proportion of (Pp) which are odd does not appear to decrease as p increases.
It is thought that somePaleygraphsmight satisfy(Pq)(2−) log2 q for some > 0. SincePq is self-complementary,
(Pq) = (Pq), so such a result would improve the lower bound on diagonal Ramsey numbers. This is very hard, but
progress on the parity question may throw some light on it.
If q is a square, then (Pq)=√q. A conjecture of Baker et al. [1] would then imply that the second largest maximal
cliques in Pq have odd order.
References
[1] R.D. Baker, G.L. Ebert, J. Hemmeter, A. Woldar, Maximal cliques in the Paley graph of square order, J. Statist.
Plann. Inference 56 (1996) 33–38.
[2] J.B. Shearer, Lower bounds for small diagonal Ramsey numbers, J. Combin. Theory (A) 42 (1986) 302–304.
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PROBLEM 918. (BCC20.10) A determinant problem
Robin Chapman (communicated by Peter J. Cameron, correspondent)
School of Math. Sci., Queen Mary, University of London, London E1 4NS, UK
E-mail:p.j.cameron@qmul.ac.uk
Let p be a prime congruent to 3mod 4, and let k= (p+1)/2. Let A be the k× k matrix with (i, j) entry ((j − i)/p),
where (x/p) is the Legendre symbol (equal to +1 if x is a nonzero square modp, to −1 if x is a nonsquare mod p,
and to 0 if p divides x).
Conjecture. det(A) = 1.
Comment. This conjecture is true for primes p< 1000. See [1] for background and related results.
Reference
[1] R. Chapman, Determinants of Legendre symbol matrices, Acta Arith. 115 (2004) 231–244.
PROBLEM 919. (BCC20.12) Two conjectures on cylinders
Simeon Ball
Dep. Mat. Aplic. IV, Universitat Politècnica de Catalunya, 08034 Barcelona, Spain
E-mail:simeon@mat.upc.es
A cylinder is the union of p parallel lines in the afﬁne space AG(3, p), where p is prime. We seek characterisations
of cylinders.
We say that a direction (a parallel class of lines) is not determined by a point set S if every line in the class contains
at most one point of S.
Conjecture 1 (Strong cylinder conjecture). Let S be a set of p2 points in AG(3, p). If |S ∩ P | is divisible by p for
every plane P , then S is a cylinder.
Conjecture 2 (Weak cylinder conjecture). Let S be a set of p2 points in AG(3, p). If there are at least p directions that
are not determined by S, then S is a cylinder.
Comment. If S is a set of p2 points and at least p directions are not determined by S, then |S ∩ P | is divisible by p
for every plane P (see [1, Theorem 2.2]). Thus, Conjecture 1 implies Conjecture 2.
Reference
[1] S. Ball, M. Lavrauw, On the graph of a function in two variables over a ﬁnite ﬁeld, submitted for publication. J.
Algebraic Combin. 23(3) (2006) 243–253.
PROBLEM 920. (BCC20.13) A problem on covering arrays
Robby Walker
Department of Computer Science & Engineering, Arizona State University, P.O. Box 878809, Tempe, AZ 85287,
USA
E-mail:robby.walker@gmail.comWe are given anN ×k arrayA on v+1 symbols, one of which is the “do not care”
symbol ∗, and a parameter t referred to as the strength. For each t-element subset T of {1, . . . , k}, let RA(T ) denote
the set of distinct rows omitting ∗ in the N × t subarray of A consisting of the columns are indexed by T . Clearly
|RA(T )|N and |RA(T )|vt .
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Question. When does an (N − 1) × k array A′ exist such that RA(T ) ⊆ RA′(T ) for all T ?
Comment. A necessary condition is that |RA(T )|N − 1 for all T . A rather strong sufﬁcient condition is that A has
two rows that never have nontrivial entries in the same column. Collapsing the two rows while retaining the nontrivial
elements yields the desired A′ (note that RA(T ) is a set of row vectors, not a set of row indices). For example,
a11 a12 a13 ∗ ∗ ∗
∗ ∗ ∗ a24 a25 a26
can be replaced by
a11 a12 a13 a24 a25 a26.
See [1] for further information on covering arrays.
Reference
[1] C.J. Colbourn. Combinatorial aspects of covering arrays, Matematiche (Catania) 58 (2004) 121–167.
PROBLEM 921. (BCC20.14) Balanced arrays of triples
D.A. Preece
School of Math. Sci., Queen Mary, University of London, London E1 4NS, UK
E-mail:D.A.Preece@qmul.ac.uk
We use the notation SBIBD(v, k, ) for a symmetric balanced incomplete block design with v varieties (or “points”
or “treatments”) and v blocks, and with k entries per block. The parameter  is irrelevant to the present problem, which
concerns SBIBDs with v = ck ± 1 for some c > 1.
Consider the following 7-cyclically generated 15 × 15 array:
– 111 222 333 444 555 666 777 – – – – – – –
111 – – – 657 – 734 426 – – – 573 – 342 265
222 537 – – – 761 – 145 376 – – – 614 – 453
333 256 641 – – – 172 – 564 417 – – – 725 –
444 – 367 752 – – – 213 – 675 521 – – – 136
555 324 – 471 163 – – – 247 – 716 632 – – –
666 – 435 – 512 274 – – – 351 – 127 743 – –
777 – – 546 – 623 315 – – – 462 – 231 154 –
– – – – 725 – 453 632 111 546 274 – 367 – –
– 743 – – – 136 – 564 – 222 657 315 – 471 –
– 675 154 – – – 247 – – – 333 761 426 – 512
– – 716 265 – – – 351 623 – – 444 172 537 –
– 462 – 127 376 – – – – 734 – – 555 213 641
– – 573 – 231 417 – – 752 – 145 – – 666 324
– – – 614 – 342 521 – 435 163 – 256 – – 777
If each triple in this array is replaced by a 1, and each dash by a 0, then we obtain the incidence matrix of an
SBIBD(15, 7, 3). For each choice of distinct positions r and s in {1, 2, 3} and distinct elements i and j in {1, . . . , 7},
there are two entries having i in position r and j in position s, and there are three entries having i in both positions.
Question. Let A be the incidence matrix of an SBIBD(v, k, ) with v = ck + , where  ∈ {+1,−1}. Under what
conditions does there exist a v × v array, with a triple in each position where A is 1 and empty entries where A is 0,
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such that for distinct i, j ∈ {1, . . . , k} and r, s ∈ {1, 2, 3}, there are c entries in the array whose rth position is i and
sth position is j , and there are c +  entries whose rth position and sth position are both i? That is, restricting to any
two coordinate positions yields a k × k incidence matrix equal to cJ + I , where J is the all-1 matrix, and incidence
is common occurrence.
Comment.The 15×15 array above appears in [1], along with a similar 13×13 array for (v, k, )=(13, 4, 1). However,
no similar array is known for any other parameter-set (v, k, ) with v = ck ± 1, and no array is known containing
4-tuples satisfying the analogous conditions. Finding such arrays for further parameter-sets is an important problem
in the construction of balanced hyper-Graeco-Latin designs. Attention is particularly drawn to those SBIBDs with
(v, k) = (2p + 1, p), where p ≡ 3mod 4, which include the Paley designs.
Reference
[1] D.A. Preece, TripleYouden rectangles: a new class of fully balanced combinatorial arrangements, Ars Combin. 37
(1994) 175–182.
PROBLEM 922. (BCC20.16) Index of connection and Möbius number
Peter J. Cameron
School of Math. Sci., Queen Mary, University of London, London E1 4NS, UK
E-mail:p.j.cameron@qmul.ac.uk
There is awell-known relation between the three polyhedral groupsAlt(4), Sym(4), andAlt(5) (the groups of rotations
of the tetrahedron, octahedron, and dodecahedron), and the three exceptional root lattices E6, E7, and E8. (See the
“McKay correspondence” [3] and various results in singularity theory [1]).
For a ﬁnite groupG, the Möbius number (G) is the value of (1,G), where  is the Möbius function of the subgroup
lattice of G with 1 denoting the trivial subgroup (see [4], for example). Let n(G) = |G|/(G).
The index of connection of a root lattice L is its index in the dual lattice, or the determinant of the Coxeter matrix,
see [2, p. 40]. The Coxeter matrix is 2I − A, where A is the adjacency matrix of the Coxeter–Dynkin diagram of the
lattice. These diagrams are shown below for the exceptional root lattices E6, E7, and E8, respectively.
Question. Is it just coincidence that, ignoring signs, the values of n(G) for the three polyhedral groups are equal to the
indices of connection of the corresponding root lattices? The numbers are 3, 2, 1, respectively.
References
[1] V.I.Arnol’d, Normal forms of functions near degenerate critical points, theWeyl groupsAk ,Dk ,Ek and Lagrangian
singularities (Russian), Funkcional. Anal. i Priložen 6 (1972) 3–25.
[2] J.E. Humphreys, Reﬂection Groups and Coxeter Groups, Cambridge University Press, Cambridge, 1990.
[3] B. Kostant, On ﬁnite subgroups of SU(2), simple Lie algebras, and the McKay correspondence, Proc. Nat. Acad.
Sci. USA 81 (1984) 5275–5277.
[4] J. Shareshian, On the Möbius number of the subgroup lattice of the symmetric group, J. Combin. Theory (A)78
(1997) 236–267.
PROBLEM 923. (BCC20.17) Indecomposable permutations and transitive groups
John D. Dixon (communicated by Peter J. Cameron, correspondent)
School of Math. Sci., Queen Mary, University of London, London E1 4NS, UK
E-mail:p.j.cameron@qmul.ac.uk
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A permutation 	 of {1, . . . , n} is indecomposable if there is no index k with 0<k<n such that 	 carries the set
{1, . . . , k} to itself. Let cn be the number of indecomposable permutations of {1, . . . , n}. See Comtet [1].
Dixon [2] calculated the number of ordered pairs of permutations of {1, . . . , n} that generate a transitive subgroup
of the symmetric group Sn. This number turns out to be (n − 1)! · cn+1.
Problem. Find a bijective proof of this fact. That is, ﬁnd a bijection from the set of pairs of permutations generating a
transitive subgroup of Sn to the set of pairs (	, 
), where 	 ∈ Sn−1, 
 ∈ Sn+1, and 
 is indecomposable.
References
[1] L. Comtet, Sur les coefﬁcients de l’inverse de la série formelle∑ n!tn, Compt. Rend.Acad. Sci. ParisA 275 (1972)
569–572.
[2] J.D. Dixon, The probability of generating the symmetric group, Math. Z. 110 (1969) 199–205.
PROBLEM 924. (BCC20.18) Binary X-rays of permutations and score sequences of tournaments
Simone Severini
Department of Mathematics & Department of Computer Science, University of York, Heslington, York YO10 5DD,
UK
E-mail: ss54@york.ac.uk
LetSn be the set of all permutations of {1, 2, . . . , n} and let P	 be the permutation matrix corresponding to 	 ∈Sn.
For 1k2n−1, the kth antidiagonal sum of P	, written xk(	) is∑i+j=k [P	]i,j . Let x(	)=x1(	) . . . x2n−1(	); the
vector x(	) is the (antidiagonal) X-ray of 	. For example, the following table contains the X-rays of all permutations
inS3:
	 123 231 312 132 213 321
x(	) 10101 01110 01110 10020 02001 00300
AnX-ray x(	) is binary if xi(	) ∈ {0, 1} for 1 i2n−1. Permutationswith binaryX-rays correspond to placements
of n nonattacking queens on an n × n chessboard under a modiﬁed rule in which two queens do not attack each other
if they are in the same northwest–southeast diagonal.
A tournament is an orientation of a complete graph. Its score sequence is the vector whose entries are the outdegrees
of the vertices, arranged in nondecreasing order. The following conjecture is from [1].
Conjecture. The number of distinct binary X-rays of permutations in the symmetric group Sn equals the number of
distinct score sequences of tournaments on n vertices.
Comment. In [1], it was proved for each n that the number of score sequences is an upper bound on the number of
binary X-rays. The conjecture has been veriﬁed for n9 using Matlab.
Reference
[1] C. Bebeacua, T. Mansour,A. Postnikov, S. Severini, On the X-rays of permutations, Electron. Notes Discrete Math.
20 (2005) 193–203.
PROBLEM 925. (BCC20.19) A number-theoretic problem
Nicolas Lichiardopol
Dep. Math., Université Aix-Marseille II, Marseille, France
E-mail:lichiar@club-internet.fr
Conjecture 1. 3m/2m = (3m − 1)/(2m − 1) for every positive integer m.
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Comment. Equality has been checked for m10, 000 using Maple.A theorem of Mahler [1] shows that equality holds
for sufﬁciently large m. S. Severini and S. Velani noted a relation between Conjecture 1 and Waring’s Problem. Let
g(k) denote the least m such that every positive integer can be expressed as the sum of m kth powers. The function g
can be explicitly determined if, for every positive integer n,{( 3
2
)n} 1 − ( 34 )n, (1)
where {x} denotes x − x. Inequality (1) is true for n< 471600000 and believed to be true for all n, which would
imply Conjecture 1. Now, Conjecture 1 actually requires that
{(
3
2
)n}
< 1 −
(
3n − 2n
4n − 2n
)
,
which is somewhat weaker than (1). Nevertheless, they are probably of the same order of difﬁculty.
Reference
[1] K. Mahler, On the fractional parts of the powers of a rational number, II, Mathematika 4 (1957) 122–124.
